is transcendental, in particular irrational.

The partial sum

with positive integers a, and b, < p“ satisfies

o0 c, Cn 0 k
<=3 ()6 20)

k=n-+1

1 1)\t 1
= — | - < _
p _ 1 p - Cp41—1

(pen) ™ en

. _ _ 2 :
because cgy1 — cx = Fyy1Fpp2 — FiFpr1 = Fi; | > 1. Since

2
FopiFoge —1 lim (Fn—i-l Fn+2) _ <1+ \/5> _ 3+ V5

—1
lim Gntl 72 _ lim

> 2
n—00 Cn n—00 FnFn+1 n—00

F, Fnon 2 2

By the theorem of Thue, Siegel and Roth, for any (fixed) algebraic number = and € > 0,
the inequality

a 1
0<‘$—Z‘<%

is satisfied only by a finite number of integers a and b. Hence, s is transcendental.

Also solved by the Kee-Wai Lau, Hong Kong, China (first part of the
problem), and the proposer, (first part of the problem)

5432: Proposed by Ovidiu Furdui and Alina Sintamarian, Technical University of
Cluj-Napoca, Cluj-Napoca, Romania

Find all differentiable functions f : (0,00) — (0,00), with f(1) = v/2, such that
) 1) 1
“) = vz>o.
()=

Solution 1 by Arkady Alt, San Jose, CA

First note that f’ (i) = ﬁ, Ve >0 < f'(x)= @, Vz > 0.
Then, since " (z) = % 7 <%> g_%) and
1 ! 1<;> 1 f2 <;)
@ =(f' (@)%, f <E) =@
we obtain " (z) % (f (:1:))2% — % _ % —

—

(f @)~ f@) @ L
(f (x))? x?
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f@Y 1 f@ 1 f@__ a
(f’(:c)>_1 2 (z) +33+ — fx) 22+4cx+1

~

Sincef’(l)zﬁz%then }f,((ll)) =1+%+c = 2=2+4c < c=0.
Therefore, J{/((z)) =:c+£ = ]}'((xm)) = x;il = lnf(a:)z%ln (22 +1) +d and,

using f(1) =2
1 1
again, we obtain In f (1) = =In (124 1) + d < lnﬁ:§1n2+d — d=0.

2
Thus, f(z) = Va2 + 1.
Solution 2 by Albert Stadler, Hirrliberg, Switzerland

0

1
x > 0. We differentiate the equation f'(z)f (;) =1 and get

ror(2) - reor (2) - a1

The differential equation f/(x) =

shows that f is differentiable infinitely often in

or equivalently

f'@)fx) 1
G e W
By assumption f(1) = v/2 and thus f'(1) = ﬁ = ?

We integrate (1) and apply partial integration to get

e E - [
[
-l
g n
— 11— ]{,((Z)) + .
So ;,((”;)) - i + 2 or equivalently ’;((;) = fxz.
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We integrate again and get

I f(z) — In £(1 /f't)

Therefore f(z) =1+ z2.

T

1 1
=—-In(1+2%)— = =-In2.
L Trpl=ghtet)-=2ol

Solution 3 by Bruno Salgueiro Fanego, Viveiro, Spain

Let f:(0,+00) — (0,+00) be a differentiable function that satisfies the hypothesis of
the problem and let g : (0, +00) — (0,+00) be the differentiable function defined by

1 1
g(z) = — Since f is differentiable, and by the hypothesis f/(z) = 7o )( 7’ Ve > 0, we

conclude that f’ is also differentiable and, differentiating both side of the equality

(o) f <§) =1, we obtain that f”(z)f <i> + f'(z)f (i) ;—21 = 0, and since

1\ 1 () — f" 1
/ <—) = —,0r equivalently, (F(=)) / g:n)f(:fc) =1- ot or what is the same,

) " (F'@)

f 1
(F (x)=1—ﬁ, vV > 0.
1
Integrating both sides, we conclude that ;,((Z)) =z+ o + C, Vx > 0, for some C' € R. If
we take 2 = 1 at the start of the inequality, and since f(1) = /2, we obtain that
1 1
()= and f/( ) =2+ C, from where C' = 0, which implies, because
M) ,
f(x) > 0 Vz > 0 by hypothesis and /(@) a:—l—l—i—Oandf() Yz > 0.
f'(z) x f(z) wQ +1

Integrating both sides of this last equality, we conclude that
In(f(x)) =log (\/ z2 + 1) + D, Yz > 0 for some D € . Taking =1 in this equality
and using the fact that f(1) = v/2, we find that D = 0 and therefore

() =Va?2+1, Vz > 0.
Since the function f : (0,400) — (0,400) defined by f(z) = vVa? +1,Vz >0, is

T
differentiable with f’(r) = ————— and satisfies that f(1) = /2, and that
1
1 = 1
f (E) = 1:” = @) Yz > 0, we conclude that the only differentiable function
— T1
x

that satisfies the conditions of the problem is the function f(z) = Va2 + 1, Va > 0.

Solution 4 by Toshihiro Shimizu, Kawasaki, Japan

We have f' (1) f (z) = 1. Letting z to 2 we also have f'(z) f () =1 (x). Thus,

Integrating it, we have
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